To guarantee the stability of the cosmological constant sector against radiative corrections coming from quantum matter fields, one of the most natural ingredients to invoke is the symmetry under scale transformations of the gravitational field. Previous attempts to follow this path have nevertheless failed in providing a consistent picture. Here we point out that this failure is intimately tied up to an assumption which is typically embedded in modern studies of the gravitational interaction: invariance under the full group of diffeomorphisms. We base the discussion on the gravitational theory known as Weyl transverse gravity. While leading to the same classical solutions as general relativity, and so to the same classical phenomenology, we show that in the presence of quantum matter (i) the degeneracy between these theories is broken: general relativity exhibits the well-known cosmological constant problem while in Weyl transverse gravity the cosmological constant sector is protected due to gravitational scale invariance, and (ii) this is possible as the result of abandoning the assumption of full diffeomorphism invariance, which permits to circumvent classic results on scale-invariance anomalies and guarantees that gravitational scale invariance survives quantum corrections. Both results signal new directions in the quest of finding an ultraviolet completion of gravity.
Introduction.-The fact that vacuum zero-point energies of matter do not gravitate can be considered as the only available glance to the realm of quantum gravity with which we have been experimentally rewarded up to now. This view appears precisely because the application of effective field theory arguments to the combination of general relativity and the standard model of particle physics strongly suggest that what is reasonable from the theoretical perspective is, indeed, the contrary [1, 2] . Finding a mechanism which can forbid these energies to gravitate (or, more formally, to prevent matter radiative corrections to affect the value of the cosmological constant), while keeping intact the low-energy physics as to pass the stringent experimental tests on deviations from these theories, is what is usually known as the cosmological constant problem [1] [2] [3] .
From an effective field theory perspective, it is well understood that radiative corrections will generate all the terms in the Lagrangian density which are compatible with the symmetries of a given system. As long as we are concerned only with the gravitational sector, it is straightforward to check that a global symmetry in the form of constant Weyl transformations
with ζ a real constant would suffice to forbid the occurrence in the Lagrangian density of any cosmological constant term. However, when one adds matter one rapidly realizes that there is no way out of the cosmological constant problem by following this path (see, e.g., the discussion in [2] ): first, only massless fields are allowed in order to preserve the symmetry classically; even in this case, in general the symmetry can no longer be maintained when the matter fields are quantized, with the occurrence of what is known as the Weyl or conformal anomaly [4] [5] [6] .
In the following we show that there is a resolution of the cosmological constant problem that rests on the identification of an alternative gauge structure, distinct from the diffeomorphism group of the spacetime manifold, underneath the classical phenomenology of general relativity. Such a symmetry structure, first considered in [7] and composed of transverse diffeomorphisms and local Weyl transformations, is naturally motivated by the field-theoretical representation and self-coupling problem of gravitons [7, 8] . Even if it has no effect at the classical level [7, 9] one may expect differences triggered by quantum effects, in the same way as perturbations can break degeneracies in eigenvalue problems. The first of these differences, which affects the renormalization group of the gravitational action in the presence of quantum matter fields, is reported here.
Motivation and nonlinear construction.-Within the classification of fundamental interactions in terms of the unitary representations of the Poincaré group [10] , gravity is expected to be mediated by a particle corresponding to the massless spin-2 representation. The massless character of the representation means that only the states with helicity ±2 are physical. This representation has a direct on-shell implementation in field theory [11] : a second-rank symmetric, transverse and traceless tensor field h ab which satisfies free equations of motion. In fact, the physical objects are equivalence classes of h ab defined by the equivalence relation of being related through gauge transformations.
Let us stress that this on-shell description is the sole firm statement one can draw from the assumption that gravity is mediated by a helicity ±2 graviton exclusively, with no admixture of spin 1 or 0. One can take this description as the basis to discuss the self-coupling problem [12] . This procedure has some (tractable) drawbacks which can be avoided by slightly modifying the starting point: the usual way to proceed is to relax the transverse and traceless conditions while enlarging the gauge symmetry, thus maintaining the number of degrees of freedom. This procedure leads to the well-known FierzPauli theory [13] . However, it is quite remarkable that there exists an alternative extension which also reduces on-shell to a helicity ±2 graviton, which is called Weyl transverse theory [7] . As the name suggests, the internal gauge symmetry of the theory is given by
with generators satisfying ∂ a ξ a = 0, φ being an arbitrary scalar function, and η ab being the Minkowski metric. Fierz-Pauli theory and Weyl transverse theory are the only two embeddings in a linear gauge theory of the on-shell description of gravitons sketched above [7] . This fact alone is interesting enough to explore this last theory to its ultimate consequences. In principle, even if both are by construction completely equivalent as linear theories, their nonlinear completions could substantially differ. Most importantly, the second kind of transformations in (2) can be identified as the local and linear version of a constant Weyl transformation (1), thus making the discussion of fundamental interest for the cosmological constant problem.
The nonlinear completions of these theories can be motivated by symmetry considerations [7, 9, 14] or through the self-coupling problem of gravitons [8, 12, 15] . A detailed analysis shows that these ways are not independent but are intimately related [12] . The nonlinear completion of Fierz-Pauli theory leads to general relativity, or more precisely to Rosen's reformulation of Einstein's theory as a nonlinear field theory over a flat background (see [11, 12] for a thorough discussion of the history of the subject and the different assumptions needed to obtain the result). On the other hand, the solution to the self-coupling problem of gravitons which has as noninteracting limit the free Weyl transverse theory is given by the action of Weyl transverse gravity [7, 8] 
Here R[ĝ] has the same functional form as the Ricci scalar of a metricĝ
where ω is a negativevalued background scalar density of weight +2, g is the determinant of g ab , and dV := d D x |ω| the associated background volume element in D ≥ 4 spacetime dimensions. From the perspective of the self-coupling problem g ab is just a tensor field with no a priori geometrical interpretation. Moreover, the resulting symmetries (transverse diffeomorphisms and local Weyl transformations) do not suggest such interpretation, contrary to what happens in the standard construction of general relativity. Although reminiscent of unimodular gravity as presented, e.g., in [1, 16] , the theory described by the action (3) has as field variable an unconstrained secondrank tensor field g ab .
Radiative stability.-Matter is included in the discussion by following a minimal coupling approach, but replacing η ab with the composite fieldĝ ab . This can be determined again through symmetry considerations or the self-coupling problem itself. The resulting gravity-matter action is invariant under gravitational scale transformations, or local scale transformations of the gravitational field, defined as the local extension of the transformations (1) which do not affect matter fields. It has been shown that the space of solutions of such a classical theory is equivalent to the space of solutions of general relativity plus matter, with the cosmological constant appearing as an integration constant [9, 14, 17, 18] .
As we discuss in the following, within the semiclassical realm the radiative corrections to the cosmological constant sector of the theory are identically zero. Indeed, the corresponding (regulated) contributions to the effective action take the form of a mere constant shift, as we are used to in any special relativistic quantum field theory which does not contain gravity. Technically, the contributions of vacuum bubbles cancel out of correlation functions as a result of the linked-cluster theorem (see, e.g., [19] for a textbook discussion of the theorem). This does not happen when considering general relativity instead as an effective quantum field theory [20, 21] , leading to the cosmological constant problem [2, 3] .
The mechanism behind this result is the invariance of the theory under scale transformations of the gravitational field (1). This symmetry forbids radiative corrections which would otherwise couple to the determinant of the field g ab . This can be shown explicitly at one-loop level through, e.g., the effective action scheme [22] [23] [24] . Given a theory of matter with an arbitrary combination of matter fields with different spin (0, 1/2 and 1), minimally coupled toĝ ab as we have argued above, the heat kernel expansion [22] permits to write the regulated effective action in terms of a cutoff µ so that one can take account of the necessary counterterms. In doing this we find three kinds of contributions. The zeroth-order contribution takes the form of a constant shift in the action, which is irrelevant as we know from standard quantum field theories in flat spacetime such as electrodynamics [22] . The next contribution has the same functional form as (3), leading to a renormalization of the gravitational coupling constant κ. If we call κ 0 the bare gravitational coupling constant then one can read from the one-loop action the equation
where C 1 , C 2 and C 3 are constants with convenient phys-ical dimensions and whose values depend on the particle content of the matter sector [23] . There exist other contributions which involve quadratic expressions in the "Ricci" tensor R ab [ĝ] which also appear in general relativity and are expected to lead to higher-derivative deviations from the second-order field equations at high energies. We will ignore these in the following as they are not relevant for the discussion. Thus in essence we have only one physically relevant renormalization group equation (4) instead of two. The invariance of the theory under gravitational scale transformations implies, in contrast with general relativity, the absence of any renormalization group equation describing the running of the cosmological constant sector and, hence, of the corresponding radiative instability. To guarantee the consistency of this picture, gravitational scale invariance must survive quantum effects, i.e., be free of anomalies in the presence of quantum matter fields. As we show in the next section, it is perfectly possible to realize this symmetry in a nonanomalous way at the semiclassical level: the background volume element permits to construct path integral measures for matter that are invariant both under transverse diffeomorphisms as well as gravitational scale transformations.
Absence of anomalies.-Any reader familiar with previous results on scale-invariance anomalies might be skeptical about our statement of protection of the cosmological constant term by means of gravitational scale invariance. While this first reaction is justified, the crucial observation we want to make here is that former results must be revised in the case at hand as one of the previous assumptions has been dropped off: invariance under the entire group of diffeomorphisms. The presence of anomalies can indeed be traced back to this assumption alone, being a feature of the interplay between longitudinal diffeomorphisms and scale transformations. The key resides in the extension of the symmetry (1) when we include matter in the game.
In the standard case in which it is assumed that the gravitational theory is invariant under diffeomorphisms, the couplings between gravitational and matter fields dictated by symmetry considerations imply generally that matter fields should transform nontrivially under scale transformations, as well as being massless. This results in standard conformal invariance (the situation with scale invariance in quantum chromodynamics is completely parallel). On the contrary, in Weyl transverse gravity the interacting matter field Lagrangian density is constructed from a general flat-space Lagrangian density by replacing the flat metric η ab byĝ ab instead of g ab , to guarantee invariance under gravitational scale transformations. Matter fields are inert under these transformations so that no restrictions whatsoever apply. Obviously, this kind of coupling would explicitly break the invariance under longitudinal diffeomorphisms, if present.
To describe anomalies we shall use Fujikawa's approach [25] , which is especially suited for making our point in a clean and concise way. A specific anomaly will be given by a (regulated) Jacobian associated with the change of the path integral measure under a given symmetry. Following the usual practice we will work in Euclidean signature, so that the results must be analytically continued to Minkowski spacetime. Even if gravitational scale transformations do not affect matter fields by construction, this symmetry could be anomalous. The best example of this is a scalar field in two dimensions: the fields by itself are unchanged by conformal transformations but still the symmetry is anomalous as the result of the definition of the path integral measure. For clarity let us compare this well-known twodimensional conformal invariance example (see, e.g., [4, 24] and references therein) with that of gravitational scale invariance (in an arbitrary dimension D). We will see that the conformal anomaly arises because of the interplay of conformal transformations and longitudinal diffeomorphisms. That is, the classical conformal symmetry is broken by the quantum anomaly if one uses the path integral measure which preserves invariance under arbitrary diffeomorphisms.
To define the path integral measure and, so, the path integral itself, we first define a scalar product
in which the differential operator occurring in the classical field equations for the scalar field is self-adjoint. Then we can perform a decomposition in terms of the eigenfunctions {φ n } ∞ n=1 of this operator. The coefficients of the expansion are given by:
The classical action can be written entirely in terms of these coefficients. The path integral measure is defined as the natural measure in the infinite-dimensional space spanned by the {a n } ∞ n=1 , being the path integral formally defined then as a functional determinant. By construction, the transformation properties of the measure are directly inherited from the transformation properties of the inner product (5) and the fields, and can be directly evaluated from (6) . Symmetries such that δa n = 0 are directly free of anomalies, being thus preserved in the quantum realm, while if δa n = 0 additional manipulations are needed in order to extract a meaningful finite result.
The path integral measure constructed from the {a n } ∞ n=1 is invariant under diffeomorphisms by construction. Applying the corresponding transformation laws of the fields to the coefficients a n as defined in (6) one can check that these are invariant under these transformations.
However, the √ g factor in the inner product (5) enforced by diffeomorphism invariance implies that the coefficients (6) are not invariant under conformal transformations. Under an infinitesimal conformal transformation δg ab = α(x)g ab one has:
It is an algebraic matter to evaluate the associated Jacobian J for infinitesimal α(x) as:
This expression must be regularized in the N → ∞ limit but, after a proper treatment, it leads to the usual results of the conformal anomaly: the trace of the stress-energy tensor of matter fields is no longer zero in general gravitational backgrounds so that conformal invariance is lost [4] [5] [6] . We can apply the same procedure to show that all the gauge transformations of Weyl transverse gravity are free of anomalies in the presence of quantum matter. To the best of our knowledge, the definition and properties of the path integral for a general matter content coupled to (classical) Weyl transverse gravity have not been discussed before. Again the first we need to do is to define the path integral measure for the matter fields. In view of our reasoning in previous sections, the inner product for a scalar field (with or without mass) will now be given by
This definition needs of a background volume element dV not related to the gravitational field, which we are taking to be the same occurring in the classical action. The measure would be defined in terms of the following coefficients:
(10) Now we can explicitly check that these coefficients and, hence, the corresponding path integral measure, are invariant under both transverse diffeomorphisms and gravitational scale transformations. Indeed, under these transformations δ √ĝ = 0, so that
In contraposition with the former case we see that, as we are not demanding invariance under longitudinal diffeomorphisms, the factor √ g can be freely tuned to accommodate the remaining gauge symmetries, generated by gravitational scale transformations. This is what we are effectively realizing when insertingĝ ab instead of g ab in the expressions for the inner products. Following the same logic for any matter content, with fields of arbitrary spins and masses, we can always construct an inner product with these invariance properties as long as we make use of the usual recipes but with the gravitational field represented through the combinationĝ ab .
Although not necessary for our discussion, the following remark could be interesting for future developments. When it comes to the quantum properties of gravity, the definition of the path integral is subtler but a tentative exploration of the path integral measure following previous works (see, e.g., [26] and references therein) shows that it should be possible to define it in terms of the composite fieldĝ ab . This procedure would lead to a nonanomalous path integral with respect to the internal symmetries (see also the related discussion for the pure gravity case in [27] ). Beyond the scope of the present work, it would be very interesting to carry out this program in detail as well as a study of the possible properties of an effective quantum theory of gravity with these symmetries.
Scope and prospects.-In the present work we have shown that Weyl transverse gravity is the first known example in the literature of what we can call "minimal" solution to the cosmological constant problem: the classical field equations are essentially equivalent to those of general relativity, while the cosmological constant can take arbitrary but radiatively stable values as it is protected by symmetries. Modifications with respect to the classical predictions of general relativity are only triggered by quantum effects, so that tree-level physics is preserved while one-loop and further corrections are changed. It is instructive to observe that the criteria demanded in [2] for a satisfactory solution to the cosmological constant problem are verified.
Additionally, this nonlinear gravitational theory has a strong first-principles justification rooted in local particle-like quantum properties of the gravitational interaction, and thus it is especially suited to describe the properties of any would-be theory of emergent gravity at low energies. The construction is, in this sense, inherently different to proposals such as [28] which modify the long-distance properties of the gravitational interaction instead of its local properties. From a more philosophical perspective it is inextricably tied up to nontrivial conceptual implications, as one needs to accept the appearance, at least at high energies, of additional nondynamical structural properties of spacetime in the form of a volume element. This suggests that solving the cosmological constant problem may entail changing our conceptual picture of spacetime when quantum effects start to be important.
As of future work, from this point different roads can be taken. It would be interesting to explore additional quantum properties of Weyl transverse gravity, apart from the one which is the main subject of this paper and which is in accordance with current observations, in order to further distinguish it from general relativity. Promising candidates to display differences are scattering amplitudes involving the off-shell structure of gravitons, i.e., containing graviton loops. Also the possible construction of theories of quantum gravity with non-anomalous gravitational scale invariance, and their relation with the more familiar conformal field theories, appears as an attractive issue which could lead to profound implications for our understanding of the gravitational interaction and scale invariance.
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